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ABSTRACT

A new technigue for indirect messurement of
intensity and distribution of latersl earth pre-
gsure and contact pressures, acting on super-
structure and foundation elements, is presented.
The method concept originates from the virtuel
relationship between any loading system and the
atrain flow, developed throughout the loaded
element.

The suggested method is applicable to any
a_ or 3-dimensional elastic alement of practical
value., It is rather ngeful for testing laboratory
physicel models and prototype structures. The me-=
thod of application would normally require the
uge of electronic computer. A cage of an assumed
structure ias investigated by the proposed method
of analysis and given here as & demonestrating
example.

INTRODUCTION

Heedless to say how vital it is to find a way
to determine sccurately the goil induced pressurea
subjected to structures. During the last forty
years tremendous effortes were devoted for this
objective. Consequently, & good deal of progresse
weg schieved, moatly in phases dealing with the
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role of the various factors pertinent to the
induction of eerth pressure in nature. Also,
labhoratory research work led to the dewvelop-
ment of big variety and various types of earth
pressure gauges to carry out direct measure-
ments, Unfortunately, the technique applied in
these gauges has its limitations and drawbacks
specially when used in connection with particu-
lated continuum. Hence, earth pressure gauges
are ugsed now, rather with great caution, in re-
search work only and can not be considered by
any scale, adequate for general application.

In the curren. work, a method for deduecing
the actual earth pressure and loads acting on any
structural member, from ite state of excitation,
is presented. Using the member stress or strain
excitation ie by no means a new approach. On the
contrary, very early unsuccessful attempts adopted
the same way of thinking and tried to compute the
applied loading system from the member deformat-
ions, eccording to the well known differential
equation given hereafter, which relates the
applied loading system with the induced deflect-
ion, for two dimensional elements.

E E A
P = —d-’;E |:EI —-—E} "—— |:I'I } - (1)

where EI = flexural stiffness of loaded member
w = transverse deflection of neutral axis.
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I = axial tension aslong neutral axis

p = applied transverse load per unit
length

% = the distance along the neutral axis

A8 the transverse deflection of neutral axis
is not analyticelly revealable in practice, the
loading disgram hes to be scquired, according to
equation "1, by graphical differentiation pro-
cesses, performed on the epproximately determined
neutral axis curve. This procedure yielded always
meaningless results, due to magnifying the excut-
ion errors during the graphicel differentiation
processes, that has to be carried out four succes-
give times.

However, the problem is treated here from dif-
ferent scope. The applied loads end pressures &are
deduced from strain values, by & numerical analysis
procedure, By tackling the solution in this way,
excution errors due to grephical procedure are avoi-
ded., Also, the normal strein deta used in the
analysis, could be determined with high accuracy by
means of modern strain measurement technigue.

METHOD COHNCEFT

Considering the case of a body of generalized
formy fig "1", which is resting on either an appro-
priate supporting system that renders it externally
staticaelly determinate, or any other type of suppe-
rting syetem, whose supporis are either totally
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rigid or elastically yielding onea that regein
thelr original position by load relief. It is
alzo assumed that the body itself has perfect
elagtic properties. This means that:

a. The rule of superposition for gtress, strain
and applied loading is valid; i.e. linear re-
lationghip between stress & strain or applied
load & strein.

b. The body is cepable to regain ita original
atate and dimensions after load relief.

When the body is subjected to a single con-
centrated load “Fj“, acting at a"?uint “Pj"; refer
to Fig. "1"; the whole body, in general, would un-
dergo certain deformations. If location “Li" de-
finea a cerftain point on the body surface and a
certaln direction along which the state of strain
is investigated, then "Ly" would experience, in
general , certain normal strain variation say
"E’i’j“, which is compatible with the strsin Tlow
developed in the whole body. By the removal of
load “Fﬁ", the body would regein its original
stete and * Ei,j“ would also vanish., Whenever
load "Fj“ is applied agein at "Pj“ the location
“Li" would experience the same amount of strain
variation " Ei,j“‘

If load “FJ“ is substituted by a unit load,
i.e. a load whose scalar magnitude equals unitys;
acting at point “PJ“ and in the game direction
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of "F.", then due to the body's elastic proper-
ties, the location “Li“ would experience a nor-
mal strain variation " &5 j“ and

—

B ®Ed T PRt S

where fﬂ = the scelar magnitude of load “Fj“.

As ghown above, if £4 4 & Ei,j are known,
the load scalar “fJ“' for this single loed case,
could be computed from these strain values, by
equation "2".

GOVERNING EQUATIONS

___“To study the case of elastic body of
gzeneralized shape when subjected to & group of
nat sancentrated loads; say Fq. Fry ans etCe wa-
F. acting &t points Pl, Fr oase etCe oas Py, TEB-
pectively; Flg. mon. gn "p" number of locations;
say Ll’ LE ees BtHCe ses L3 OR the body surface,
ghould be selected for normal gtrain measurement.
e to the application of this group of loads,
normal strain veriation would, in general, take

place at each of the locations L4, Ly sss Ly

Becauge of the wvalidity of the rule of spuper=-
pogition, the developed normael strain, resulted
from the whole group of loads Fis B ess ete. P .
at any location, would be equal to the algebraic
gum of the normal strain induced by the individual
loads ¥y, Py ees and F.. at thislocation, i.e.
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Z E1‘J L (3]

‘mormal strain developed at location L:L'
_:'he to the whole load group P, FE “ea Fn"

‘mormal strain developed at location I'i’ due

tﬂ lﬂ'ﬂ-ﬂ. Fj--

digits that can be apgigned to any number
fm Ill'll tﬂ “ﬂ“. -
By =Ej 1 tEip e T By gt by (g
Bt from equation "2 it follows that
U R @),
By applying the relationship given by eq-
(2)_ to elements of equation (3) ,we get

a 9 arie-B

e E47 tEpe By ot ees + T &y (4)y

By assigning the digit (i) in equation (4);
per 1,2 4.+ Or n, wa obtain the equations
fie normal strain variation at location L,

«. 8nd L, as follows:

Tyvbq.1 Hoe B o teee Hpe by 50 (4

n* $2.a (4)5
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The equations No. (4); to (4) Torms e set
of gimiltaneous algebraic equations that can be
expressed in & matrix equation, as followst

bt

rfﬂ [-El,l ﬁl,E Fasaas E‘l.n [fl

Epl | fpa S22 vttt foon| £

1 ~-+ ol P BMEREDRT ) | T
- | --------------- ——- !--

hEnJ | fn, 1 @2 E‘!‘L,I‘L_J Lfn

Matrix equation (5).is the basic equation
uged in the pregent work, and although it has
been derived from the case of concentrated
loads action, ite application would be gene-
ralized as shown later.

For sake of abbrevietion, equation (5) would
be degignated by

E} = [ « & (5),

The elements of the column matrix (£}, in
equation (5) are the values of the normel strain
developed at I, %o L, due %o application of the
whole load system, These valuee are directly
measurable from the loaded body.

The esquare matrix[z] , in equation (5), would
be ealled the influence coefficient matrix. It is
built up from the veluee of the strain developed at
the various measuring locations "Ll to Ln“ due to
the application of a unit load applied at the
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points "Pl ses L0 Pn“* one at a time in
sequence given above., The values of [£]
ments, could be either theoretically calcu-
ted by Statlice and Strength of Materials or
ed by an experimental calibration process
the body or a element under consideration,
discussed leter, in some detail.

The column matrix {fl , in equation (5), is
pmposad of the scalar magnitudes of the meting

: Fl to Fn' If the wvalues of the elements of
oth vector {£} and square matrix [5] are deter—
ined, equation (5) could be solved and elemenis
vector {f} are then yielded.

GENERALIZATION OF THE LOADING SYSTEM

Equation (5) provides a mean to deduce the
ar magnitudes of the components of the sub-
pted loading system from normal strain measure-
mts, and is directly applicable to cases whosge
. g aystem is composed of concentrated loads
known direction and point of action. In case
ben. the subjected loading system includes dias-
Mbuted loads, such as earth induced pressures,
ation (5) may be gtill applied with adequate
acyy, if the distributed load is hypotheti-
y converted o a group of concentrated loads.

To accomplish this, the area submitted to
@istributed loading would be hypothetically
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divided to a number of relatively small elemen=
tary areas. The amaller the areas the better
the approximation would be. If the direction

of pressure action is imnown, one concentrated
load ig to be assigned to each of these areas,
otherwise 2 or 3 load components, parallel to
fixed x, y andfor z axis, would be agsigned to
each area., The magnitudes of theee concentrated
lomds are unknown, and would be egqual o the
resultants of pressure exerted on the elementary
ATeaB.

The equivalent point of action of these hypo-
thetical concentrated loads are yet not known. To
proceed with the ﬂnalysiﬁ application, we assume,
at the time being, that these loads are acting at
the centroids of the corresponding elementary
areas. This assumption is reasonably sccurate
for many cases. However it can be checked and
modified, if necessary, after computing the load
magnitudes and determining the digtribution of
the subjected pressure. If the obtained pressure
digtribution diagram has sharp or steep variations,
t+hat ceuse the points of mction, of the resul tant
of pressure over the elementary areas, to be situa-
ted relatively away from the areas centroids, & re-
peating of the solution may be worthy, taking fthe
point of asction of loads as yielded from the firet
attempt.
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the above mentioned adaptation, Bguation
woomes applicable to elmost all types of
E systems.

CONSTRUCTION OF INFLUENCE COEFFICIENT
MATHELXE

The elements of the square matrix [¢] , in
$ion (5), are evaluated whether theoretically
experimentally, by performing a number "n" of
Hbrating operations on the structure under con-
feration, or on a model. From each operation,
gelements of one column of [£] are computed.

ing, for example, the column number "i" in

3 to find its elements, a& unit load is app-

gd at location “Li“' The ptrain values deve-

ed at locations, Ll‘ LE‘ ase EEC sus Ln; would
‘$he required values 'El,i‘ EE'i,... Bt0e wos
i3 respectively. By similar way, the elements
the other columns could be determined.

SUPPORTING SYSTENM

The proceed with the calibration operations,
gtructure under consideration should be reat-
g onn & Finite supporting system. In many cases,
sountered in the field of geotechnique; like in
of sheet piles; the structure would be sup-

3 ed, somehow, by soll preassures that render it
gquilibrium.
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To deal with these types of structures whoae
supporting systems are not definite, both the exe-
rted loads and reactions are treated as unknown
subjected forces. The structure would fthen be
given any desired supporiing syatem, that has %o
be gtatically determinate one, and the calibrat-
jon process for eveluating the elements of [£] 18
performed, either theoretically or experimentally.
Then we proceed with the application of the method
88 normal.

Tha introduction of these unrealistic supports,
during the procese of constraction of influence mat-
rix, has no effect on the yielded resulus. This is
because the structure under consideration would be
actually in egquilibrium, under the subjected loads
and soil reasctions, which are ireated here as act-
ing loads. BSo, the reactions of the introduced
statically determinate hypothetical gupports, for
these loads, whoge resultent is zero, would be also
zero. Hence their sbsence during the process of
meagurement of (£} walues, would have no effect.

MATHEMATICAL CONESIDERATIONS

The effort for solving matrix equation (5) is
depending on the order of [Els 1.8 (n x n = nE}. If
'n'ig small; say 4 or less; equation "E" could be
golved manuelly, but if it is of higher order. a
digital computer might be required. Computers of
moderate cepacity could essily solve thia type of
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mtions even whose order “n?" run in many hun-

ds.

However, an alternative equation for equat-
on (5) is given hereafter, to minimize the use
‘of computer, in case the method is used in ex-
‘perimental research programme that investigates
a structure under series of cases of loadings
with various load intensities.

From equation (5)_., it follows that

=1
(£y = [£] « {E} ses (B)

or (£} =[n] =« (B) eee (B),

whare
i -1
[n] = [e] = matrix which is the inverase of [g]-

If [p] is determined, the required components
of wector {f} could be directly calculated by means
of equation (E}B, by simple multiplying operations.

From matrices slgebra, the [n ] is also a square
matrix of the sapme order as(¢] ; i.e. order (n x n).

Theoretically, elements of [n] could be deter-
mined from the equation; (H.C. Martin, 1966);

[n] = %' cee (D

where
adj |g| = the adjoint of |&|
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lg| = the determinant of the square array
of [e]
Application of equation "T", for determin-
ation of [n| is unpractical, since the evaluation
of adj | £ | requires computing the wvalues of =&

mumber of determinants equals nE, each of oxrder
E'ﬂ-‘l j #

Fortunately, the [ ¢ | has special charac-~
terigticas, that makes 1% pogsible to find 1%s
inverse [ n] by a mach easier and practicel pro-
cedure, Eguation {E}a reads

|I LS .

£y hﬂ,l Ty p o ni.ﬁ“ ;
dfL =|Npq Tpop et Mg {2

— - P e —————

S |1 Tzttt an

where
By 4 = the element in [n ] , whose Tow rumber eg-
¥
nals (i), and column number equals (J).

Let us agsume that, in the ealibration process,
a unit load is applied at “Pj“. The developed
atrein in location; Ll, LE e Ln; would be meesured
and are El,j’ EE,Q . gn’j, regpectively.

By substituting with the values of applied

logd and measured strain wvalues, which are lknown,
in matrix equation (8),, we gets
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Ty 1 Ty p e Tg 5 oere T n| [G,5)
0 B 1 fp,2 vc Mp,j vtt Teon| | %2,

— R ——

¥ L (8)

; R,1 Ry,2 vt Ry 0t Hyn) 5,3

— - - —— . S SN - s -

M Mg v ey ot m] gl

Noting that the elements of matrix [n] , in
trix equation (8), are still unknown, while the
torg [ f) and(E} are lmovm. The equation of row
(3), of matrix equation "B", reads:

-,l' Ellj"‘r*ﬂrzi ﬁ213+-“ﬂ}ﬂ,j- Ej,;]_i--

¥ R ,n* *n,j (B2g
Also, if the unit load aets at any point, other
No (j), say point No (i), then by substituting
matrix equation (6),, the equation of row No(j)
d read:

3¢ B3 a0 B dT e TRy g Bag S

o

+'qﬂ,n' E‘1'1,,1 {E}h
As (1) cen take any wvelue between "1" and "n",
ept (j), then the equation (8)  and equations
dven by {B}h, can be written in the following
trix equation form
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=
—iet
a1 ]

1.1 2,1 % 3ot tnal [R5,

5,2 *** "n,2| Y,2

ro= -:; I {9}

~| e mmmm e mm—— = T s
s : - sxn B -
b *1,i 23 dad n,J l“ﬁ,a

= o G ———— - - — s i | ——

l. . _El,ﬂ E,..'ﬂ.

L:II:I:I' n,n ln":j‘n

The square matriz, in equation (9), has an
order equal (n x n), snd it is in fact the trens-
posed metrix of [g] , whose elements could be de-
termined from the calibration proceas, as ghwon
hefore.

By solving equetion (9), the elements of the
row No. "J" of [] would be yielded. BSimilarly the
ather rows from No. (1) to Ho. (n) could be cal-

culated, and hence [n ] of equation (6),, would then
be defined.

As shown ebove, the determination of the matrix
[n] would require solving the matrix equation (9),
nat mumber of times. So the use of equation 6]y
should not be sought unless the gtructure under con-
gideration, would be investigated for load ceseg tha
axcesds the rnumber (n), otherwise equation {5} would
be more suitable.
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METHOD OF APFLICATION

The process of selecting the locations "LY,
et which the strain is measpured, is of vital im-
portance. Not any point on the structure surface
¢an serve this purpose. If one of the chosen lo-
cations happens to receive no strain from any one
of the lomsding system componentas; e.g. when loca-
ted at the free end of a transversally loaded over-
hanging beam; the obtained influence coefficient
matrix [f] would then be singular. Mathemetically,
this means that the inverse of[t] does not exist,
end consequently equation (5) would not be solved.
Alpo equation (6), could not be constructed, for
the Same rs&as80N.

Prom the practical point of wview, it is not
gufficient to assure that [¢] is not singular, but
also it should be a regular matrix, for getting
accurate results from equations (5) or (6),, with-
out erxtensive celculating effort. For this reason,
the process of selecting the locations (L) has to
be made in the light of both the structure statical
system and the distribution of the subjected loads.
Each strain measuring location should be assigned
hypothetically to one load component. The best
position for any strain location is that which
experience maximum strain variation due to appli-
cation of the load, to which it is aseigned, and
at the seme time receives minimum strain due to
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application of the reat of the loading system. Both
conditions can hardly be fulfilled, so & compromise
hag to be made in selecting the moat favorite lo-
cations.

Generally speaking, for elements with sup-
ported ends, best resulfs mlght be ocbtained by
egtablishing the strain messuring locations at; or
very close to, the assumed points of action of their
corresponding assigned loads.

IEMONSTRATING EXAMPLE

To mscertain the ability of the prescribed me-
thod for spplication, several successful tests are
performed on various ocases. A= an example, the case

of the strip, shown in figure (3), is selected hexre
. for two reasons, other than its clarity. The first,
is due to the femet, that this structure has not &
finite supporting system. The second,is that the
loading system is composed of concentrated and
distributed loads, with ateep variations and sudden
changes. S0, such & case ia regarded as & challeng-
ing one, inspite of being a 2=dimengionsl problemn.

The details of the tested structure, and the
exertad loading, are given in figure (3). The sub-
jected loading system is considered unknown and the
yielded results of the loads are finally compared
with them, for the sake of checking the method's
reliebility.
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To compute the influence coefficient maetrix
(] 3 the strip is ziven two temporary supports
at its enda, for carrying out the calibration
process. The strip is hypothetically divided to
twelve segments, shown in figure (3); and the
regultant of the distributed load subjected to
sach segment is assumed, as a firet trial, at
the segment's middle point, where ihe strain
measuring locations are chosen. The gtrein is
messured at the strip lower fiber along the
tranoverse direction. Matrix [g] , which is
a symmeirical matrix, is celeculeted as described
before and its elements are given in Appendix I,
The values of column matrix (E} , for strain
developing under the action of the loading system
are algo given in that Appendix.

In figure (3), the subjected load system and
the load values obtained from the first trial, are
given. The small difference between the subjected
and the computed loed distributions is due %o the
approximation made, in the firat trial, concerning
the point of action of the resultante of the seg-
ments loads. By carrying out a second trial, us-
ing better corrected positions Tor the loads point
of action, as obtained from the first trial, the
yielded load results ere found to be almost identi-
eal with the actual loads.
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CONCLUSIONS

The loading system acting on any elastic
structural member, including earth induced pres-—
sures, could be computed from the gtructure's
strain informations. Number of locations on the
structure surface are spelected,for measuring the
needed strain data. 4 caelibrating-like process
is to be performed on the structure fo establish
the relationship between the subjected loads and
the developed strain st the chosen locations.
The required load values are yielded from the
solution of a matrix equation, whose elements
ere, either measured or computed straln values.
The proposed method is tested by epplying it on
geveral cases, and found very efficient for app-
liecation.
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Fig. 2 - Generolized body octed by o group of loads
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APPENDIX 1

- EXANPLE DATA

Tested plate thickness = 0.76 mm

Esl = 1_-

168 x 10° T x mm°(per 1 mm breadth)

Coefficient Matrix Equationg [£] ; computed due to point of
load sction at the middle onﬁmwmﬂmnﬂm. shown in figure (3);

reads .-

(755 675

L

The column matrix{fl} reads:—

2030 1790 1550 1310 1070 834 675 596 516 357 119

596 516 437 357 278 225 199 172 119 40 |

2 2580 2180 1790 1390 1125 933 860 596 199
¥ umvn 3060 2500 1950 1575 1390 1205 834 278
3930 3220 2500 2025 1790 1549 1070 357

3930 3060 2475 2180 1893 1310 437

610 2925 2580 2237 1550 516
3225 2846 2466 1708 569

2980 2581 1790 596

2695 1867 622

2030 675

753

L

0

3
13
36
77
140
227
256
241
203
122

0

) F
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The computer programme used for solving

matrix equation (5) reads,

¢ BY

393

802

76
7
222

67
69

901
900

800

801

MASTER (HATEM)
GAUSS ELIMINATION METHOD

ICL SUBROUTINE

DIMENSION 4 EED,EQ} Y(20,20),%(20)
DIMENSTON Aal200) ,BB(14) W(3)
DIMENSION AX(2,20),CH(L4)
READ(1,9)N,M

IF(N.EQ.Q)STOP

1FLAG=0
READ{l,lﬂJEEL{I J
READ(1,10)(

D0 77 I=1,M

D0 T J=1,M
KA=T+i*(J=1)
AA(KA)=A(I,J)
BE(I)=(=-4(I,W)
CONTINUE
WRITE(2,222)
FORMAT(/// /5K, " INPUT DATA' /5X,10(1H=)}///)
D0 67 I=1,M

WRITE(2,69) (AL,J),J=1,1)

CATI PPUGESOL(M,1.0.0001,44(1),BB(1), W(1),
+DET , IRANK, NRR)

WRITE (2,T1)

WRITE(2,72) (KB,BB{KE) ,EE=1,M)

DO 900 I=1,12

CH{I)=-4(I,13)

D0 901 J=1,12

GH(T)=CH(T)=BB(J) A(I,J)

CONTINUE

WRITEEE,EEG}EEI,EH{EIJ,KI=li123

FORMAT(/, (/T10,CH(",12,")=1,E14.8))
IF(IFLAG.EQ.1)G0 TO TOL

D0 801 I=1,13

A(8,1)=A%(1,I)

A(10,I)=A%(2,I)

IF(IFLAG,NE.O)STOP

TFLAG=1

G0 T0 802

GO O 999

J),d=1,H),I=1,M)
ax(1,73,0=1,1),1=1,2)
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T FﬂHMAT{IIHI.Tﬁﬂ,'REEULTE OF SUB. FPMOESOL®Y,
+ /740, 24(1H=-),///)
72  FORMAT(/T10,'X(',I2,') = ',El4.8)

9 FORMAT(2I3)

10 TFORMAT(13F6.1)
STOP
END
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APPENDIX 1I.

E.T

Fl ,FEiian
f]. ,fEl " Ifn
1,1

Ll ,LEi‘an

N
n

Pl’PE"'Pn

|

=

]

]

[[]

NOTATIONAL SYMBOLS

i}exurﬁl gtiffness of loaded mem-
BT,

Modulus of Elasticity x Moment of
Inertia of member,

concentrated loads; forces; acting
at pointe P, Py oese Py reapectively,

scalar magnitude of loads Fl*FE"'Fn‘
respectively,

subscripts referring to two different
digits that can be assigned to any
number between "1" and "n",

locations of etrain measurement, each
defines s point and a direction along
whieh the state of strain is measured,

axial tension along the neutrsl axis,

the number of loads "F" acting on a
member. 4Also the number of locations
WL galected on that member,

pointa of action of loads Fl,FE..Fn,
regpectively,

applied transverse load per unit
length,

tranaverse deflection of neutral
axia,

the distance slong the neutral axis,

normal strain developed at location
Ii‘ due to & unit load applied at

point FJ in direction of load Fj,

normal gtrain developed ai location
Ly, due to load Fj,

normel strain developed at location
Li' due to the load group Fl*FE"Fn'
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